Spectra of perturbations of steady-state current transfer to cathodes of high-pressure argon arcs are computed in the framework of the model of nonlinear surface heating. The following pattern of stability has been established for a current-controlled arc on a cylindrical cathode on the basis of the numerical results and trends derived previously by means of an approximate analytical treatment: the diffuse mode is stable beyond the first bifurcation point and unstable at lower currents; steady-state modes with more than one spot are unstable; the axially symmetric mode with a spot at the centre of the front surface of the cathode is unstable; the 3D steady-state mode with a spot at the edge is unstable between the bifurcation point and the turning point and stable beyond the turning point; the transition between the latter mode and the diffuse mode is non-stationary and accompanied by hysteresis. Theoretical results are in agreement with trends observed in the experiment.
Introduction
Interaction of high-pressure arc plasmas with thermionic cathodes is a challenging issue of high scientific interest and technological importance. In spite of many decades of research, a self-consistent theory and modelling methods have started to emerge only recently; see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and references therein. Still, some important questions are far from being answered. Stability of different modes of steady-state current transfer from high-pressure arc plasmas to thermionic cathodes is one of such questions.
In addition to being highly important for science and applications of arc discharges, the problem of stability of dc current transfer to high-pressure arc cathodes is also of a more general interest due to the following. Existence of different modes of current transfer to electrodes in dc gas discharges seems to be the rule rather than the exception; e.g. abnormal, normal and multiple-spot modes on cathodes of glow discharges (e.g. [14] [15] [16] and references therein) and diffuse, constricted and multiple-spot modes on anodes of high-pressure arc discharges (e.g. [17, 18] ; see also references in [19] ). From the point of view of general theoretical physics, different modes on electrodes of dc gas discharges belong to the class of self-organization phenomena and their overall patterns are similar, in spite of particular physical mechanisms being quite different. One can hope therefore that understanding of trends of stability of different modes of discharge on highpressure arc cathodes will contribute to understanding the stability of different modes under other conditions of interest for gas discharge physics.
An analytical theory of stability of steady-state current transfer from high-pressure arc discharges to thermionic cathodes has been developed in [20] . A number of results of general character have been obtained and a pattern of stability has been established of the diffuse mode and of three-dimensional, or 3D, spot modes that branch off from the diffuse mode on axially symmetric cathodes. (In the case of a cylindrical cathode, these are modes with spots at the edge of the front surface of the cathode.) The present work represents a continuation of [20] and is concerned with a numerical investigation of stability, with the aim of supplementing qualitative results [20] with quantitative data and of investigating important questions outside the scope of the treatment [20] , in particular, stability of the axially symmetric mode with a spot at the centre of the front surface of a cylindrical cathode; stability of 3D modes with spots both at the centre and at the edge; bifurcations of other kinds than those treated in [20] and their effect on stability. One can hope that a combination of such numerical results with the analytical results will elucidate a complete pattern of stability of all steady-state modes.
Another goal of the present work is to obtain quantitative data on a spectrum of perturbations under conditions of experimental interest. Apart from being of interest by itself, such data will allow one to independently verify conclusions drawn for these conditions in [20] . Note that the necessity of such verification stems from a contradiction between the conclusions [20] and the pattern of stability of the diffuse and first spot modes that has been proposed in the preceding work [10] and is seemingly supported by the experiment.
The outline of the paper is as follows. A mathematical model is briefly introduced in section 2. Some aspects of numerical solution are discussed in section 3. Numerical data on spectra of perturbations of various steady-state modes on a cylindrical cathode are given and analysed in section 4. Results of the work are summarized and compared with the experiment in section 5. In appendix A, an exact analytical solution is given of the problem of stability of the diffuse mode on a cylindrical cathode with an insulating lateral surface, which provides data for validation of the numerical code and reference points for analysis of numerical results.
The model

The system of equations and boundary conditions
Stability in the present work is investigated, similarly to [20] , by means of the model of nonlinear surface heating. This model has been by now widely recognized as an adequate tool of simulation of interaction of high-pressure arc plasmas with thermionic cathodes [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , including under non-steady state conditions [5, 9, 13] . In the framework of this model, the (in)stability of steady-state modes of current transfer to thermionic cathodes in high-pressure arc discharges originates in a competition of a positive feedback which is present on the growing section of the dependence of the density of energy flux from the plasma on the local temperature of the cathode surface, and of thermal conduction, which represents a stabilizing mechanism.
The model of nonlinear surface heating can be briefly described as follows. Let us consider a cathode that is made of a substance of thermal conductivity κ, density ρ and specific heat c p which are known functions of the temperature T : κ = κ(T ), ρ = ρ(T ), c p = c p (T ) . Joule heat production inside the cathode is neglected. The temperature distribution inside the cathode is governed by the non-stationary equation of heat conduction:
where t is time.
The base of the cathode, c , is maintained at a fixed temperature T c by external cooling. The rest of the cathode surface, h , is in contact with the plasma or the cold gas and exchanges energy with it. The corresponding boundary conditions read
Here n is the direction locally orthogonal to the cathode surface and oriented outwards, q = q(T , U ) is the density of the energy flux to the cathode surface from the arc plasma or the cold gas and U is the voltage drop across the near-cathode layer (which is constant along the current-collecting surface). The total electric current I to the cathode surface (the arc current) may be evaluated in terms of a distribution of the cathode surface temperature and of the value of U by means of the formula
where j = j (T , U) is the density of electric current to the current-collecting part of the cathode surface. A relation between U and I is given by an equation modelling the external circuit
where represents the external resistance (ballast) and the resistance of the arc column and ε is the electromotive force.
Densities of the energy flux and of the electric current to the cathode surface, q and j , are governed by equations describing the near-cathode layer in a high-pressure plasma and in the present analysis are treated as known functions of the local surface temperature and of the voltage drop across the near-cathode layer: q = q(T , U ) and j = j (T , U). It should be emphasized that these functions depend on time only through T and U . This approach is justified by the fact that processes in the near-cathode plasma layer are much faster than propagation of temperature perturbations in the cathode body.
Eigenvalue problem describing stability
To investigate stability of a steady state, a solution to problem (1)-(4) is sought as sum of a steady-state solution and a small perturbation with the exponential time dependence
Here r is the space vector, index 0 is attributed to the steadystate solution, index 1 is attributed to the amplitude (timeindependent factor) of perturbations and λ is the growth increment of the perturbations. Substituting these expansions into equations (1)-(4), linearizing and equating linear terms, one obtains
c :
Here ρ(T 0 ), (∂q/∂T )(T 0 , U 0 ), etc are evaluated in terms of the temperature distribution of the steady state, T 0 , and of the near-cathode voltage drop U 0 corresponding to the steady state. Equation (8) with the boundary conditions (9)-(11) represent a closed linear eigenvalue problem for the function T 1 and the eigenvalue λ. By means of solving this problem, one will determine a set of eigenvalues λ (spectrum) for every stationary state of interest. If real parts of all eigenvalues of a state are non-positive, this state is stable; if at least one eigenvalue has a positive real part, the state is unstable.
Usually discharges are operated with a high external resistance. In this case equation (11) is reduced to I 1 = 0; a current-controlled arc. The most of analysis of this paper has been performed for this case. In order to gain physical insight, some spectra have been calculated for the case where the external resistance is absent and equation (11) is reduced to U 1 = 0; a near-cathode region with a fixed voltage.
High-pressure arc cathodes in most cases possess axial symmetry; in particular, modelling results presented in this paper refer to cathodes in the form of a right circular cylinder. It is convenient at this point to discuss some properties of the eigenvalue problem (8)- (11) originating in this symmetry. Steady-state temperature distributions on axially symmetric cathodes may be axially symmetric or 3D. Axially symmetric distributions correspond to the diffuse mode and to modes with axially symmetric spot systems, 3D distributions correspond to modes with 3D spot systems. Let us restrict the consideration to steady-state temperature distributions that are either axially symmetric or 3D with planar symmetry. Let us introduce Cartesian coordinates (x, y, z) with the origin at the centre of the front surface of the cathode and the z-axis directed along the axis inside the cathode, in such a way that the steady-state temperature distribution be even with respect to y.
Every 3D perturbation of an even steady-state distribution may be treated without losing generality as either even or odd. Indeed, let us consider an eigenfunction T 1 (x, y, z) associated with an eigenvalue λ. The eigenvalue problem (8)-(11) is invariant with respect to the symmetry (x, y, z) → (x, −y, z), therefore T 1 (x, −y, z) also is an eigenfunction associated with the same λ. The functions T (1) would be odd, therefore these functions would be linearly independent. Hence, T (1) 1 or T (2) 1 must be zero, which means that T 1 (x, y, z) must be either odd or, respectively, even with respect to y. Thus, eigenfunctions associated with non-degenerate eigenvalues are necessarily even or odd. Eigenfunctions associated with degenerate eigenvalues are not necessarily even or odd, however, each of them can be chosen as even or odd.
Numerical solution
The eigenvalue problem (8)- (11) has been solved numerically jointly with the problem governing steady-state distributions by means of the commercial finite element software COMSOL Multiphysics, version 3.3. This software represents a powerful tool which is in general well suited for the task, except for a difficulty stemming from the fact that it does not allow for different boundary conditions to be imposed on a steady-state solution and its perturbations. This difficulty may be explained as follows.
While numerically calculating a steady-state 3D distribution on an axially symmetric cathode, one must impose an additional condition in order to specify azimuthal position of the 3D spot system, and thus to ensure convergence of iterations. (In mathematical terms: each 3D steady-state solution on an axially symmetric cathode represents an element of a continuous set of 3D solutions that are identical to the accuracy of a rotation about the cathode axis; hence, one must impose an additional condition in order to single out one solution from this set, otherwise the problem will be ill-stated and iterations will not converge.) The simplest and most natural way to do so is the one used in [9, 10, 12, 13] , which consists of restricting the calculation domain to half of the cathode, y 0, and imposing the symmetry condition at the plane y = 0: ∂T 0 /∂y = 0. Of course, this approach allows one not only to fix the azimuthal position of a 3D spot system but also to save RAM and CPU time.
There is in principle no problem in restricting the calculation domain to half of the cathode also while stability of steady-state solutions is investigated. However, the use of COMSOL Multiphysics implies that the symmetry boundary condition is imposed also on perturbations: ∂T 1 /∂y = 0 at y = 0. In other words, COMSOL Multiphysics allows one to study stability against axially symmetric perturbations and 3D perturbations that are even with respect to y, but not against 3D perturbations that are odd with respect to y. This does not pose a problem while stability of axially symmetric steady states is investigated: 3D even and odd perturbations of an axially symmetric steady state are identical to the accuracy of a rotation and are therefore associated with the same eigenvalue (which is, consequently, doubly degenerated), hence an account of 3D odd perturbations will not change conclusions on stability. The situation is different as far as stability of 3D steady states is concerned: odd and even perturbations of 3D steady states are essentially different and are therefore associated with different eigenvalues, and eigenvalues associated with odd perturbations cannot be computed by means of COMSOL Multiphysics.
Hence, while conclusions on instability of 3D steady states, reached with the use of COMSOL Multiphysics, can be accepted without reservations, conclusions on stability of 3D steady states should be dealt with caution: a part of the spectrum that is associated with odd eigenfunctions remains unknown, and if that part includes an eigenvalue with a positive real part, then the steady state in question is unstable rather than stable. We will come back to this point at the end of section 4.5.
Spectra of different modes of steady-state current transfer
Before proceeding to particular results on stability, it is worthwhile to stress the following. For a given steady state, the COMSOL Multiphysics software in principle allows one to compute all the eigenvalues λ in the whole complex plane. In all the simulations performed, all the spectra turned out to be real, i.e. included only real values of λ. This result confirms a conclusion on the growth increment being real drawn in [20] on the basis of an approximate analytical treatment and conforms to the well-known experimental fact that transitions between the diffuse and spots modes are monotonic, i.e. occur without oscillations of the surface temperature and luminosity.
Numerical calculations reported in this work have been performed for a tungsten cathode and an argon plasma. Data on thermal conductivity and heat capacity of tungsten have been taken from [21] and [22] , respectively. The density of tungsten equals 19 250 kg m −3 and the value of 4.55 eV was assumed for the work function of tungsten. The cooling temperature T c was set equal to 293 K. Functions q = q(T , U ) and j = j (T , U) have been calculated by solving equations describing the nearcathode layer in a high-pressure plasma which are summarized in [23] ; see also the Internet site [24] .
Results given in this section refer to a cathode of radius R = 2 mm and height h = 10 mm; a kind of standard geometry convenient for illustrative purposes. The plasma pressure is set equal to 1 bar. Note that not all results obtained for such geometry are quantitatively correct. For example, the first 3D spot mode branches off from the diffuse mode (see the next section) at relatively high currents where the temperature of the front surface of the cathode is above the melting point of tungsten, while melting is disregarded in the present model. However, the mere fact that 3D spot modes do branch off from the diffuse mode is critical for understanding stability. Therefore, the above geometry is more suitable for demonstration of general trends than slimmer cathodes typical for HID lamps, for which branching occurs at very low currents and very high voltages and cannot be conveniently represented on graphs.
Modes of steady-state current transfer
Current-voltage characteristics, CVCs, of different steadystate modes of current transfer under the specified conditions are shown in figure 1 that has been taken from the work [12] . In order to prevent a frequently occurring doubt, it is helpful to stress that modern solvers for steady-state partial differential equations, like those implemented in the software COMSOL Multiphysics employed in [12] , allow one to find stationary solutions regardless of their stability in time. Therefore, the mere fact that a steady-state solution has been computed does not mean that this solution is necessarily stable in time, and indeed most of the solutions plotted in figure 1 will be shown to be unstable.
The open circles in figure 1 and the following represent points of minimum of CVCs of axially symmetric modes, namely, of the diffuse mode and of the first axially symmetric spot mode. The corresponding values of the arc current will be designated I 0 = I min . The full circles in figure 1 represent bifurcation points, i.e. points at which a 3D spot mode becomes exactly identical with an axially symmetric mode. The number ν characterizing each bifurcation point represents the number of spots at the edge of the front surface of the cathode in the 3D mode that branches off at this point. In the following, value of the arc current corresponding to a bifurcation point with a Dash-and-dotted line: 3D spot mode branching off from the first axially symmetric spot mode. Reprinted from [12] .
given ν will be designated I ν . Note that the same designation is used for bifurcation points positioned on different axially symmetric modes; for example, I 2 = 276 A for the diffuse mode and I 2 = 106 A for the first axially symmetric spot mode. Detailed information on different steady-state modes of current transfer represented in figure 1 can be found elsewhere [12] ; here we note only the following. The first axially symmetric spot mode corresponds to steady states with a spot at the centre of the front surface of the cathode. The 3D spot modes branching off from the diffuse mode at the bifurcation point with numbers ν = 1, 2, 3, 4 correspond to steady states with one, two, three or, respectively four spots at the edge. The 3D spot mode branching off from the first axially symmetric spot mode at the bifurcation point with ν = 2 corresponds to steady states with a spot at the centre and two spots at the edge.
The first axially symmetric steady-state spot mode has two branches, a low-voltage branch and a high-voltage branch, separated by a turning point.
The 3D steady-state mode with a spot at the edge of the front surface of the cathode bifurcates from the diffuse mode into the range of higher currents, I 0 > I 1 , then turns back and moves into the direction of lower currents. The 3D steadystate mode with two spots at the edge behaves in a similar way, although this behaviour is less pronounced and is hardly visible on the graph. The 3D steady-state mode with a spot at the centre and two spots at the edge bifurcates from the first axially symmetric spot mode into the range of lower currents, I 0 < I 2 , then it turns back and starts moving into the direction of higher currents, then it turns back once again and moves into the direction of lower currents.
The above-described turning points are represented in figure 1 by squares.
Spectrum of the diffuse mode on a cathode with an insulating lateral surface
If a cathode has the form of a right cylinder with an insulating lateral surface, then the steady-state solution describing the In the case of a cylindrical cathode with an insulating lateral surface, the second boundary conditions in equations (2) and (9) are valid only at the front surface of the cathode. At the lateral surface, the boundary conditions are ∂T 0 /∂n = ∂T 1 /∂n = 0. Results given in this section have been calculated for the (constant) thermal conductivity equal to 100 W m −1 K −1 and the specific heat equal to 200 J kg −1 K −1 ; these values may be assumed as characteristic for tungsten in the range of temperatures between 1000 and 3000 K. The pattern of the CVCs of different steady-state modes of current transfer to the cathode under these conditions is similar to the one shown in figure 1 , except that the first axially symmetric spot mode on the cathode with an insulating lateral surface joins the diffuse mode [1, 7] . means of equations (18) and (31) of appendix A in accord with table A1 of appendix A. The numerically calculated distributions of perturbations of these modes are shown in figure 3 for the state with U 0 = 12 V on the falling section of the CVC. One can see from figure 2 that the numerical data on increments of perturbations coincide with the analytical results. The numerical data on distributions of perturbations, such as those shown in figure 3, conform to the analytical formulae (19) , (32) and (33) of appendix A. This agreement attests to accurate operation of the code.
All modes of perturbations have negative increments on the rising section of the CVC of the diffuse mode, i.e. in the current range I 0 > I min . Hence, this section is stable. This conclusion is consistent with the fact that there is no positive feedback on this section: the rising section of the CVC of the diffuse mode on a cathode with an insulating lateral surface is associated with a falling dependence q(T , U ) on T [1] .
On the falling section of the CVC, i.e. in the range I 0 < I min , there is a mode of 1D perturbations with a positive increment. The increment of this mode is depicted by the line a in figure 2 and the distribution of temperature perturbations associated with this mode is shown in figure 3(a) . Taking into account an analytical solution for the spectrum given in appendix A (see table A1), this mode can be termed the first 1D mode. The second 1D mode (line b in figure 2, figure 3(b) ) and all the higher 1D modes (which are not shown on the graph) are stable at all currents. At I 0 < I 1 , another mode of perturbations becomes unstable. The increment of this mode is depicted by the line d in figure 2 and the distribution of temperature perturbations associated with this mode is shown in figure 3(d) . The perturbations of this mode are 3D and their dependence on the azimuthal angle ϕ is described by the factor cos ϕ; the first 3D mode.
The perturbation mode that becomes unstable next, at I 0 < I 2 (line e in figure 2, figure 3(e) ), is proportional to cos 2ϕ; the second 3D mode. The next perturbation mode to become unstable, at I 0 < I 3 , is the first axially symmetric mode; line c in figure 2, figure 3(c) . The next perturbation mode to become unstable, at I 0 < I 4 , is the third 3D mode; line f in figure 2, figure 3(f ) , etc.
Thus, states belonging to the growing section, I 0 > I min , of the CVC of a voltage-controlled diffuse mode on a cathode with an insulating lateral surface are stable. States belonging to the falling section of the CVC, I 0 < I min , are unstable against 1D perturbations. With decreasing current, one more perturbation mode, 3D or axially symmetric one, turns unstable at each bifurcation point.
The above results refer to a near-cathode region with a fixed voltage, = 0. The analytical solution given in appendix A as well as the numerical modelling show that axially symmetric and 3D perturbations in this case are not affected by external resistance. 1D perturbations are affected by external resistance; in particular, if the arc is powered by a current source, i.e. if is large enough, then the first 1D perturbation mode becomes stable at all currents while all the higher 1D modes remain stable at all currents. Thus, the current-controlled diffuse mode on a cathode with an insulating lateral surface is stable in the current range I 0 > I 1 , i.e. on the growing section of the CVC and on a segment of the falling section beyond the first bifurcation point, and turns unstable at I 0 < I 1 .
Spectrum of the diffuse mode on a cathode with an active lateral surface
Modelling results presented in this and the following sections have been calculated numerically for a cathode with an active lateral surface with account of variability of κ and c p .
Since steady-state temperature distributions associated with the diffuse mode are axially symmetric, perturbations of the diffuse mode are harmonic in ϕ, i.e. proportional to cos nϕ, n = 0, 1, 2, . . .. Therefore, one can associate each perturbation mode with the corresponding value of n. Perturbations with n = 0 are axially symmetric, those with n 1 are 3D.
Increments of several modes of perturbations of the diffuse mode are shown in figure 4. Numbers on curves indicate values of n. For the case of a near-cathode region with a fixed voltage, there is a mode of axially symmetric perturbations that turns unstable at I 0 < I min . The other mode of axially symmetric perturbations for U fixed that is shown on the graph remains stable at all currents, as well as all the other axially symmetric perturbation modes which are not shown. At I 0 < I 1 , a mode of 3D perturbations with n = 1 turns unstable. Modes of 3D perturbations with n = 2, 3, 4 become unstable at, respectively, I 0 < I 2 , I 0 < I 3 , I 0 < I 4 . figure 3(a) , is a consequence of the non-uniformity of the steady-state distribution of the temperature of the front surface in the diffuse mode on a cathode with an active lateral surface.) Similarly, the axially symmetric perturbation mode with the second biggest increment shown in figure 5(b) is analogous to the second 1D mode on a cathode with an insulating lateral surface shown in figure 3(b) .
The above results refer to a near-cathode region with a fixed voltage. 3D perturbations are not affected by external resistance, similarly to what happens on a cathode with an insulating lateral surface. On the other hand, axially symmetric perturbations are affected by external resistance, on the contrary to what happens on a cathode with an insulating lateral surface. One can say that both in the case of a cathode with an insulating lateral surface and in the case of a cathode with an active lateral surface, the presence of external resistance affects perturbations with the same symmetry that the steady-state temperature distribution.
Calculations showed that all axially symmetric perturbations of a current-controlled diffuse mode are stable at all currents; see dotted lines in figure 4 .
The above results show that patterns of stability of the diffuse mode on a cathode with an active lateral surface and on a cathode with an insulating lateral surface are similar, except that the steady-state solution describing the diffuse mode on a cathode with an active lateral surface is axially symmetric rather than 1D, so 1D perturbations do not exist. The above results conform to conclusions on stability of the diffuse mode reached by means of an analytical treatment [20] . 
Spectrum of the first axially symmetric spot mode
Modelling results presented in this section refer to a currentcontrolled arc. Note that 3D perturbations of axially symmetric spot modes are not affected by external resistance, similarly to 3D perturbations of the diffuse mode. In all the cases studied in this and the following sections, the finite element mesh was locally refined in the vicinity of each spot in order to obtain a good accuracy. Perturbations of axially symmetric steady-state spot modes are harmonic in ϕ and may be characterized by the corresponding value of n, similarly to perturbations of the diffuse mode. Increments of several modes of perturbations of the first axially symmetric steady-state spot mode are shown in figure 6 . Here and in the following figures, squares represent values of arc current corresponding to turning points of the steady-state mode being under stability investigation. The solid and dashed lines in figure 6 represent values of the increments on high-and, respectively, low-voltage branches of the first axially symmetric steady-state spot mode.
There is a mode of axially symmetric perturbations, n = 0, that is unstable on the low-voltage branch of the first axially symmetric steady-state spot mode. On passing through the turning point, the change of stability occurs and this mode is stable on the high-voltage branch. The other modes of axially symmetric perturbations (one of these modes is shown on the graph) are stable in the whole range of existence of the steady-state mode in question. There are four modes of 3D perturbations in figure 6 , those with n = 1, 2, 3, 4, each of which is neutrally stable at the corresponding bifurcation point I 0 = I n , is unstable on the low-voltage branch at lower currents, I 0 < I n , and is stable on the low-voltage branch at higher currents and on the high-voltage branch. (I ν in this section designates the value of arc current corresponding to the bifurcation point with a given ν positioned on the first axially symmetric spot mode; note that . . . < I 4 < I 3 = I 1 < I 2 < I min .) The other mode of 3D perturbations with n = 1 shown in figure 6 is unstable in the whole range of existence of the steady-state mode in question.
The change of stability against axially symmetric perturbations occurring at the turning point is similar to the change of stability of a voltage-controlled diffuse mode against perturbations of the same symmetry that occurs at the point of minimum of the CVC of the diffuse mode, as discussed in the two preceding sections. (As long as a near-cathode region with a fixed voltage is concerned, every extremum of the CVC U 0 (I 0 ) represents a limit of the range of existence of a solution, i.e. a turning point.) Modes of 3D perturbations that change their stability do so at the corresponding bifurcation points: a νth mode is unstable at I 0 < I ν and stable at I 0 > I ν . Again, this is similar to what happens in the case of the diffuse mode.
As far as changes of stability are concerned, the above results conform to conclusions of the analytical treatment [20] . On the other hand, there is a mode of 3D perturbations with n = 1 that is always unstable, and this result is outside the scope of [20] . Because of this mode, the first axially symmetric steady-state spot mode is unstable in the whole range of its existence.
Spectra of 3D spot modes
All perturbations of 3D steady-state spot modes are 3D and their azimuthal dependence is not harmonic, therefore the classification of perturbations in terms of n employed in the preceding two sections is not applicable. However, one can extend this classification using the fact that the 'initial' state of each 3D steady-state spot mode, I 0 = I ν , being a bifurcation point, is axially symmetric, hence perturbations of this state are harmonic. In the following, a mode of perturbations of a 3D steady-state spot mode that is proportional to cos nϕ at I 0 = I ν will be associated with this value of n. Note that a perturbation mode with a given n, while having the azimuthal period of 2π/n at the initial state, does not necessarily have the same period outside the initial state. In fact, in all the cases treated in this work periods of different perturbation modes of different 3D steady-state spot modes coincided with those given in table 1 of [20] . Increments of several modes of perturbations of various 3D steady-state spot modes are shown in figures 7 and 8. Figures 7(a)-(d) refer to the 3D steady-state modes with, respectively, one to four spots at the edge of the front surface of the cathode. These modes are represented by the dotted lines in figure 1 and branch off from the diffuse mode at the bifurcation points with ν = 1, 2, 3, 4, respectively. Figure 8 refers to the 3D steady-state mode with two spots at the edge of the front surface of the cathode and a spot at the centre of the front surface, which is shown in figure 1 by the dash-anddotted line. In figure 8 , circles representing the initial state of the mode in question have been added to each line.
Steady-state temperature distributions T 0 (x, y, z) associated with two spots at the edge, or four spots at the edge, or two spots at the edge and one spot at the centre are even with respect to x. According to what has been said in section 2.2, every perturbation of any of these steady states may be treated without losing generality as either even or odd with respect to x. (Note that every perturbation of all these states found numerically indeed turned out to be even or odd with respect to x, which is not surprising since all spectra found in these calculations were non-degenerate.) For odd perturbations, the first term on the right-hand side of equation (10) vanishes and equation (11) is reduced to U 1 = 0. Hence, odd perturbations are not affected by external resistance, but even perturbations in a general case are. Modelling results presented in this section refer to a current-controlled arc. The 3D steady-state mode with one spot at the edge, to which data plotted in figure 7(a) refer, possesses a turning point. The dashed lines in figure 7(a) represent values of increments on that section of the steady-state spot mode that is comprised between the initial state and the turning point, solid lines represent values of increments on the section beyond the turning point. One can see that there is a mode of perturbations with n = 1 that is neutrally stable at the initial state and at the turning point; unstable between the initial state and the turning point; stable beyond the turning point. Perturbations of all the other modes are stable in the whole range of existence of the steady-state spot mode in question.
The 3D steady-state mode with two spots at the edge, to which data plotted in figure 7(b) refer, possesses one turning point as well, so the dashed and solid lines in figure 7(b) has the same meaning as in figure 7(a) . There is a mode of perturbations with n = 2 that is neutrally stable at the initial state and at the turning point; unstable between the bifurcation mode and the turning point; stable beyond the turning point. There is a mode of perturbations with n = 1 that is unstable in the whole range of existence of the steady-state spot mode in question. Perturbations of all the other modes are stable in the whole range of existence.
The 3D steady-state modes with three or four spots at the edge possess no turning points. There is a mode of perturbations with n = 3 under conditions of figure 7(c) (or, respectively, with n = 4 under conditions of figure 7(d) ) that is neutrally stable at the initial state and stable outside this state. Absolute values of the increments of these modes are very small, so the corresponding lines are barely distinguishable from the axis of abscissas. There are two (or, respectively, three) modes of perturbations, one of these modes with n = 1 and the other one with n = 2 (or, respectively, with n = 1, n = 2, and n = 3), that are unstable in the whole range of existence of the steady-state spot mode in question. Perturbations of all the other modes are stable in the whole range of existence.
The mode with two spots at the edge of the front surface of the cathode and a spot at the centre, to which data plotted in figure 8 refer, possesses two turning points, at arc currents I 0 = 104.5 A and I 0 = 107.2 A. (Let us indicate, for completeness, the value of arc current corresponding to the initial state: I 2 = 106.5 A.) The dashed, solid and dotted lines in figure 8 represent values of increments on the section of the steady-state spot mode that is, respectively, comprised between the initial state and the first turning point; between the first and second turning points; beyond the second turning point. There is a mode of perturbations with n = 2 that is stable between the initial state and the first turning point; unstable between the first and second turning points; stable beyond the second turning point. There is a mode of perturbations with n = 1 that is stable at the initial state and in its vicinity and then turns unstable, the change of stability occurring at I 0 = 105.3 A, i.e. outside the turning points. There are two modes of perturbations, one of these modes with n = 0 and the other with n = 1, that are unstable in the whole range of existence of the steady-state spot mode in question. Perturbations of all the other modes are stable in the whole range of existence.
Since points of neutral stability against perturbations of any kind represent points of bifurcation of steady-state solutions, one should conclude that another 3D steady-state mode branches off from the mode with two spots at the edge of the front surface of the cathode and a spot at the centre at I 0 = 105.3 A. While the steady-state temperature distribution corresponding to the mode with two spots at the edge and a spot at the centre is symmetric with respect to the plane x = 0, the perturbation that is neutrally stable at I 0 = 105.3 A possesses no such symmetry. In other words, while the steadystate temperature distribution T 0 (x, y, z) is even with respect to x, the perturbation T 1 (x, y, z) is odd with respect to x; the latter can be clearly seen from figure 9. It follows that the bifurcation of 3D steady-state modes that occurs at I 0 = 105.3 A Figure 9 . Neutrally stable perturbations with n = 1 of the steady-state mode with two spots at the edge of the front surface and a spot at the centre. R = 2 mm, h = 10 mm, I 0 = 105.3 A.
represents breaking of planar symmetry. Alternatively, one can term this bifurcation the period doubling: while the steadystate temperature distribution corresponding to the mode with two spots at the edge and a spot at the centre is periodic over ϕ with the period of π , the steady-state mode that branches from it at I 0 = 105.3 A has the period of 2π .
The above results may be summarized as follows. Let us consider a cathode of a current-controlled arc and a 3D steady-state mode with ν spots at the edge of the front surface of the cathode, and maybe also with a spot at the centre. The mode branches off from an axially symmetric mode at the bifurcation point I 0 = I ν or, in other terms, begins at the initial state I 0 = I ν . There is a perturbation mode that is neutrally stable (and proportional to cos νϕ) at the initial state. In the vicinity of the initial state, this mode is stable or, respectively, unstable depending on whether the bifurcation at I 0 = I ν is supercritical (the cases plotted in figures 7(c), (d) and 8) or subcritical (figures 7(a) and 7(b)). (A bifurcation may be termed supercritical or subcritical if the bifurcating solution branches off into the range of control parameters in which the original solution is unstable or, respectively, stable against the perturbation mode that is neutrally stable at the bifurcation point. Taking into account the above results on stability of the diffuse mode and of the first axially symmetric spot mode, one should conclude that in the case of a current-controlled arc, a bifurcation occurring at I 0 = I ν is supercritical or subcritical if a 3D spot mode branches off from the axially symmetric mode into the range I 0 < I ν or, respectively, I 0 > I ν .)
If the steady-state spot mode in question possesses no turning points, which is possible only if the bifurcation is supercritical, then this perturbation mode remains stable in the whole range of existence of the steady-state spot mode in question; figures 7(c) and (d). If the steady-state spot mode in question does possess turning point(s), then this perturbation mode changes stability at each turning point; figures 7(a), (b) and 8.
Perturbation modes that are unstable at the initial state remain unstable in the whole range of existence of the steady-state spot mode in question. Perturbation modes that are stable at the initial state in most cases remain stable in the whole range of existence; figures 7(a)-(d) and one of the lines with n = 0 in figure 8 . An exception is a perturbation mode with n = 1 under conditions of figure 8 , that is stable at the initial state but then turns unstable.
In many aspects, the above results conform to conclusions of the analytical treatment [20] . In particular, stability in the vicinity of a bifurcation point I 0 = I ν of the perturbation mode that is neutrally stable at I 0 = I ν is related to the bifurcation being sub-or supercritical; there is a change of stability against a particular perturbation mode at each turning point of the steady-state spot mode. On the other hand, a number of the above results are outside the scope of the treatment [20] , such as the conclusion that if a 3D steady-state spot mode possesses turning point(s), then the perturbation mode that changes its stability at each of these points is the same for all points and the same that is neutrally stable at the bifurcation point; or conclusion on instability of the mode with a spot at the centre of the front surface of the cathode and two spots at the edge; or demonstration of the possibility of breaking of planar symmetry, the consequences being the possibility of branching of 3D steady-state spot modes and the possibility of changes of stability of 3D modes outside turning points.
The above results allow one to suggest plausible assumptions on stability of 3D modes with a spot at the centre of the front surface of the cathode and one, three, four, five, etc, spots at the edge, which branch off from the first axially symmetric spot mode at the bifurcation points with ν = 1, 3, 4, 5, . . ., respectively. There are three unstable modes at the bifurcation point with ν = 1 (which coincides with the bifurcation point with ν = 3), that are proportional to cos nϕ with n = 0, 1, 2. One can expect therefore that there are at least three unstable perturbation modes at every steady state belonging to modes with a spot at the centre and one or three spots at the edge. Similarly, there are five perturbation modes, two of them with n = 1 and the others with n = 0, n = 2, and n = 3, that are unstable at the bifurcation point with ν = 4 and one can expect that there are at least five unstable perturbation modes at every steady state with a spot at the centre and four spots at the edge. Continuing this reasoning, one comes to the conclusion that all modes with a spot at the centre of the front surface of the cathode and one or more spots at the edge are unstable in the whole range of their existence.
The above results indicate that the only 3D states that may be stable are those with one spot at the edge. This conclusion has been attained on the basis of a modelling with the use of COMSOL Multiphysics, i.e. without account of a part of the spectrum that is associated with odd eigenfunctions; see discussion in section 3. On the other hand, it follows from results [20] that for steady states with one spot at the edge there is a mode of 3D odd perturbations with n = 1 that corresponds to an infinitesimal rotation of the spot and this perturbation mode is neutrally stable. It seems legitimate to assume that this mode is the least oscillatory among all odd modes, is therefore the least subject to stabilizing effect produced by thermal conduction and, consequently, has the biggest increment. (An example illustrating a relation between the oscillatory character of perturbations and their increment can be found in appendix A; see equation (18) and the subsequent paragraph.) Then increments of all odd modes are non-positive. Hence, all odd modes are stable (or neutrally stable) and their account does not change the above conclusion.
Concluding discussion
The eigenvalue problem describing stability against small perturbations of steady-state current transfer from highpressure arc plasmas to thermionic cathodes has been solved numerically. Spectra of perturbations of different modes of steady-state current transfer to cylindrical cathodes have been computed: of the diffuse mode, of the first axially symmetric spot mode, and of several 3D spot modes branching off from the diffuse mode and from the first axially symmetric spot mode. Calculations have been performed both for the case of a current-controlled arc and for the case of a near-cathode region with fixed voltage. As far as 3D steady-state spot modes are concerned, the calculations are limited to perturbations that are even with respect to the plane of symmetry of the 3D spot mode in question. Reasons are discussed suggesting that this limitation does not spoil the conclusions.
In all the simulations performed, all the spectra turned out to be real, i.e. included only real values of the increment of perturbations. Note that an analytical proof of this conclusion [20] employs a specific assumption concerning transfer functions; this assumption leads to the eigenvalue problem being Hermitian (self-adjoint), and consequently its spectrum being real. It is therefore important that this conclusion has been verified in the present work by means of a direct numerical solution to the exact (non-Hermitian) eigenvalue problem. This conclusion conforms to the wellknown experimental fact that transitions between the diffuse and spots modes are monotonic, i.e. occur without oscillations of cathode temperature and luminosity.
The present results conform to conclusions of the analytical treatment [20] and supplement them with quantitative data on spectra of different steady-state modes of current transfer. On the other hand, a number of the results are outside the scope of [20] , such as the conclusion on instability of the mode with a spot at the centre of the front surface of the cathode; the conclusion on instability of modes with a spot at the centre and one or more spots at the edge; the possibility of branching of 3D steady-state spot modes and of changes of stability of 3D modes outside turning points, both being caused by breaking of planar symmetry.
Joining numerical results of the present work with analytical results [20] , one can establish a complete pattern of stability of all steady-state modes. In the case of a currentcontrolled arc on a cylindrical cathode, this pattern is as follows.
The diffuse mode is stable beyond the first bifurcation point, i.e. at I 0 > I 1 , and unstable at lower currents, I 0 < I 1 . This conclusion conforms to the well-known experimental fact that the diffuse mode is favoured by increasing the arc current and not by decreasing it.
All steady-state modes with spots positioned at the edge of the front surface of the cathode are unstable (in the whole range of existence of each mode) if the number of spots is two or more. All steady-state modes with a spot at the centre of the front surface of the cathode and one or more spots at the edge are unstable. It is legitimate to assume that any steadystate mode with multiple spots (i.e. with more than one spot) is unstable. This conclusion conforms to the fact that multiple steady-state spots are not normally observed on thermionic cathodes of high-pressure arc discharges. The axially symmetric mode with a spot at the centre of the front surface of a cylindrical cathode is unstable as well. This conclusion conforms to the experimental fact that a stationary arc spot attached to the centre of the (flat) front surface of a cylindrical cathode is not observed in the experiment (e.g. [10] ) unless stabilized by an axial gas flow.
The only steady-state spot mode that may be stable at least in a part of its existence region is the 3D mode with a spot at the edge. In the following, this mode will be referred to as the first spot mode. Under typical conditions, this mode branches off from the diffuse mode through a subcritical bifurcation and is unstable between the bifurcation point and the turning point and stable beyond the turning point. The transition between this mode and the diffuse mode cannot be realized in a quasi-stationary way and is accompanied by hysteresis; also a conclusion that conforms to the experiment.
Note that, while being unstable on high-pressure arc cathodes, steady-state modes with multiple spots have been observed and therefore are presumably stable under other conditions, such as on high-pressure glow cathodes (e.g. [15, 16] ) and on high-pressure arc anodes (e.g. [18] ). It is interesting that stability of multiple-spot modes on highpressure glow cathodes may be explained by the same trend that has been established for arc cathodes: the stable spot mode is the one that is the first to branch off from the diffuse mode as the current is decreased; while this is the mode with a spot at the edge in the case of arc cathodes, in the case on high-pressure glow cathodes this is a multiple-spot mode [25] .
In figure 10 , stability of modes of dc current transfer to an arc cathode under conditions of the experiment [10] is illustrated. The CVCs of the diffuse mode and of the first spot mode plotted in this figure have been taken from [12] . Bifurcation points positioned on the diffuse mode are located at U 0 well in excess of 100 V and are not seen on the graph. One can see that λ < 0 on the diffuse mode and on the high-voltage branch of the first spot mode and λ > 0 on the low-voltage branch. This conforms to the above-described general pattern: all the steady states of the diffuse mode shown on the graph are positioned beyond the first bifurcation point, i.e. at I 0 > I 1 , and should therefore be stable; the low-voltage branch, being a part of the section of the first spot mode which is comprised between the bifurcation point and the turning point, should be unstable; the high-voltage branch, representing the section beyond the turning point, must be stable.
Since the turning point of the first spot mode is neutrally stable, λ = 0, values of the inverse increment in the vicinity of this point are quite high. Apart from this vicinity, |λ| −1 on the low-voltage branch is much smaller than on the diffuse mode and the high-voltage branch: while perturbations of the diffuse mode and of the high-voltage branch of the first spot mode decay during intervals of the order of seconds, the instability of the low-voltage branch develops on significantly smaller time scales.
Data on stability shown in figure 10 confirm the hypothesis on irreproducibility of transitions between the diffuse and spot modes under typical conditions of experiments with HID lamps, suggested in [12] . Indeed, experiments are usually performed in a limited current and voltage range, say I 0 10 A and U 0 100 V, so two stable modes exist in the whole range of conditions of such experiments, the diffuse mode and the high-voltage branch of the first spot mode. Hence, no reproducible transition between diffuse and spot modes can occur in a typical quasi-stationary experiment: if the experiment is well-controlled and quasi-stationary, a mode which has occurred immediately after the ignition of the discharge will be maintained during the whole experimental run; if a mode change is systematically observed in such experiment under quasi-stationary conditions, it means that the experiment is not well-controlled. This conclusion conforms to the general trend that the transition between the diffuse and spot modes is difficult to reproduce in the experiment.
A mode change can be provoked by finite perturbations, e.g. by fast enough variations of experimental parameters. However, if the arc is operated at currents higher than I t the arc current corresponding to the turning point of the first spot mode, then only the diffuse mode is possible. In other words, operating a discharge at I 0 > I t will ensure the diffuse mode. Under conditions of figure 10, I t = 11.1 A and the above inequality is not easy to satisfy, however the situation is different for thin cathodes since I t rapidly decreases with a decrease in the cathode radius.
In [10] , the low-and high-voltage branches were calculated in the framework of the model of nonlinear surface heating and the assumption was forwarded that it is the lowvoltage branch that occurs in the experiment. Under this assumption, the conclusion was drawn that a quantitative agreement between simulations and experimental results can be shown for the spot mode. However, both the numerical results of the present work and the analytical theory [20] indicate that the low-voltage branch is unstable, and this conclusion has been obtained in the framework of the model of nonlinear surface heating, which has been used also in the modelling [10] . Hence, the comparison between simulations and experimental results on the spot mode performed in [10] must be revisited. (here ω = S h , S h being area of the front surface of the cathode). Equation (16) has no more than one positive root and a countable set of negative roots; see figure 11 . (It is convenient to rewrite this equation as √ −α cot √ −α = β while treating negative roots.) Let us designate by α 1 = α 1 (β) the root of equation (16) that takes values exceeding −π 2 , by α 2 = α 2 (β) the root that takes values between −4π 2 and −π 2 , etc. Note that α 1 (β) > 0 at β > 1, α 1 (1) = 0, α 1 (β) < 0 at β < 1, α p (β) < 0 at all β for p 2. Now the desired spectrum may be written as
where i = 0, 1, 2, . . . and p = 1, 2, 3, . . .. One can see that instability is possible only against perturbations with p = 1. An increase in any of the 'quantum numbers' i and p originates a decrease in λ. The physical meaning of this result is quite clear: higher i and/or p correspond to more oscillations of perturbations in the plane (x, y) and/or in the direction z and, consequently, to stronger thermal conduction, which produces a stabilizing effect. Note that equation (14) , describing the form of perturbations, can be re-written as
where i = 0, 1, 2, . . ., m = 1, 2, . . . , N i , and p = 1, 2, 3, . . .. One can see that unstable perturbations (i.e. those for which α p (β) > 0) vary with z monotonically, while stable perturbations vary with z non-monotonically. Equation (18) with i = 0 assumes the form λ = χh −2 α p (β), where p = 1, 2, 3, . . ., and gives increments of growth of 1D perturbations described by equation (19) with i = 0. As it should have been expected, the increment of 1D perturbations is affected by the cathode height h but not by the shape and dimensions of the cathode cross section. The instability against (the mode with p = 1 of) 1D perturbations occurs if β > 1, i.e. if
This inequality represents a criterion of instability against 1D perturbations.
The criterion (20) may be understood as follows. In the case where the external resistance is absent, ω = 0, this inequality amounts to
The physical meaning is quite clear: the instability appears provided that there is a positive feedback (an increase in the cathode temperature causes an increase in the energy flux from the plasma) which is strong enough to overcome the stabilizing effect of heat removal by thermal conduction from the front surface of the cathode to the base. In the opposite limiting case of a current-stabilized arc, where the external resistance is large, ω (∂j/∂U ) −1 , the inequality (20) may be written as
where the derivative (∂q/∂ψ) j is taken at constant current density and is given by the formula
The physical sense of the inequality (22) is similar to that of the inequality (21), with the difference that what is fixed in the limiting case of large external resistance is current not voltage.
In the general case of arbitrary external resistance, inequality (20) may be written in the form
with the obvious physical meaning: a weighted average of the inequalities (21) and (22) . Inequality (20) may be explained also in terms of the differential resistance of the cathodic part of the discharge. The slope of the CVC of the diffuse mode is given by [1, equation (9) 
Making use of this formula, one can transform inequality (24) to
If the voltage applied to the near-cathode layer increases while the temperature of the cathode surface remains constant, the density of the electric current coming to the cathode increases. If the temperature of the cathode surface increases at constant current density rather than at constant voltage, an improvement of conditions of current transfer results in a decrease in U and, consequently, of the power deposited in the near-cathode layer. Hence, functions j (ψ, U) and q(ψ, U ) of physical interest satisfy the inequalities [1] 
It follows that the first and second multipliers on the lefthand side of inequality (26) are positive and this inequality amounts to dU 0 dI 0 + < 0.
The physical sense of this result is clear: the 1D instability appears if the external resistance is insufficient to compensate the negative differential resistance of the cathodic part of the discharge. Note that this result is non-trivial, given the thermal nature of the instability being considered. Equation (18) with i 1 gives the increment of growth of 3D perturbations, which are described by equation (19) with i 1. In contrast to the case of 1D perturbations, the increment of 3D perturbations is not affected by the external resistance but is affected by the shape and dimensions of the cathode cross section (through the parameter k i ). The criterion of instability against (the mode with p = 1 of) 3D perturbations is
or, equivalently, ∂q ∂ψ > k i coth k i h.
Again, the instability appears provided that the positive feedback is strong enough to overcome the stabilizing effect of thermal conduction. Let us now relate the above results to the CVC of the diffuse mode. Criterion (28) cannot be satisfied on the growing section of the CVC, where dU 0 /dI 0 > 0, hence all states on the growing section are stable against 1D perturbations. If = 0, criterion (28) is satisfied on the falling section of the CVC, where dU 0 /dI 0 < 0, hence all states on the falling section are unstable against 1D perturbations of form (19) with i = 0 and p = 1 if external resistance is absent. A large enough external resistance results in suppression of the 1D instability. In particular, in the case of a current-controlled arc every state belonging to the diffuse mode is stable against 1D perturbations. The latter follows from the inequality (22) being not satisfied under conditions of physical interest, which can be seen from incompatibility of this inequality with the second inequality (27) .
Steady states at which ∂q/∂ψ = k i coth k i h, i 1, represent points of neutral stability for 3D perturbations of the form (19) . Steady-state 3D spot mode solutions branch off from the 1D diffuse-mode solution at these points [1] , therefore the points of neutral stability may be called also bifurcation points. Since x coth x > 1 for real x, all bifurcation points belong to the falling section of the CVC of the diffuse mode, where h ∂q/∂ψ > 1.
For states on the growing section of the CVC, h ∂q/∂ψ < 1 and the inequality (30) is not satisfied for all i. Hence, these states are stable against 3D perturbations. At states between the minimum of the CVC and the first bifurcation point (the one with i = 1), the quantity h ∂q/∂ψ, while exceeding 1, is still below k 1 h coth k 1 h. Hence, these states as well are stable against 3D perturbations. States between the first and second bifurcation points are unstable against N 1 modes of 3D perturbations, namely against perturbations of the form (19) The above conclusions on stability of the 1D diffuse mode conform to conclusions of the approximate treatment [20] . On the other hand, the above conclusions have been derived from an exact expression for spectrum of perturbations, equation (18); a more straightforward and transparent, although less general, derivation than the one given in [20] .
In order to apply the above results, one needs a solution to the Neumann eigenvalue problem for the two-dimensional Helmholtz equation (15) . This solution is known for many domains G of a simple shape. In particular, if G is a circle, i.e. if the cathode has the shape of a right circular cylinder with an insulating lateral surface, then spectrum of problem (15) is given by the formula
where n = 0, 1, 2, . . ., s = 1, 2, 3, . . ., R is the radius of the cylinder, and j n,s is the sth zero of the derivative of the Bessel function of the first kind of order n (according to the conventional nomenclature [28] , j 0,1 = 0 and j n,1 > 0 for n 1). Eigenvalues (31) with n = 0 are simple and are associated with eigenfunctions
those with n 1 are doubly degenerated and associated with eigenfunctions 
where r is the distance from the axis of the cylinder, ϕ is the azimuthal angle, and J n (x) is the Bessel function of the first kind of order n. Thus, spectrum of perturbations of the diffuse mode on a cathode which has the shape of a right circular cylinder with an insulating lateral surface is governed by three 'quantum numbers': n = 0, 1, 2, . . ., s = 1, 2, 3, . . ., and p = 1, 2, 3, . . .. Perturbations with n = 0 and s = 1 are 1D, those with n = 0 and s 2 are axially symmetric, perturbations with n 1 are 3D. Note that i = 0 for 1D perturbations and i 1 for axially symmetric and 3D perturbations, therefore increments of both axially symmetric and 3D perturbations are affected by the cathode radius but not by the external resistance. Again, an increase in any of the quantum numbers n, s, p results in more oscillations of perturbations (in the directions ϕ, r, and z, respectively) and, consequently, in a decrease in λ.
Values of quantum numbers corresponding to perturbation modes depicted in figure 2 are given in table A1. Also shown in the table are type of perturbations, values of j n,s (i.e. of the normalized eigenvalue) and of the number i of the eigenvalue associated with each mode.
